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a b s t r a c t
Let D = (V , A) be a digraph. Consider X and Y (not necessarily disjoint), nonempty subsets
of vertices of D. We define a disimplex K(X, Y ) of D to be the subdigraph whose vertex set
is V (K(X, Y )) = X ∪ Y and in which an arc goes from every vertex of X to every vertex
of Y (when X ∩ Y 6= ∅, loops are not considered). A disimplex K(X, Y ) is called a diclique
of D if K(X, Y ) is not a proper subdigraph of any other disimplex of D. The diclique digraph
(or diclique operator)
−→
k (D) of a digraph D is the digraph whose vertex set is the set of all
dicliques of D and
(
K(X, Y ), K(X ′, Y ′)
)
is an arc of
−→
k (D) if and only if Y ∩ X ′ 6= ∅. We
say that a digraph D is self-diclique if
−→
k (D) is isomorphic to D. In this paper we exhibit an
infinite family of self-diclique circulant digraphs forwhich one of itsmembers is an Eulerian
orientation of the graph of the regular octahedron. This family is a natural generalization
of the example given in Zelinka (2002) [5].
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Let D = (V , A) be a digraph. We denote by d+(v) and d−(v) the out-degree and the in-degree of v ∈ V (D), respectively.
Consider X and Y (not necessarily disjoint), nonempty subsets of vertices of D. We define a disimplex K(X, Y ) of D to be the
subdigraph whose vertex set is V (K(X, Y )) = X ∪ Y and in which an arc goes from every vertex of X to every vertex of Y .
When X ∩Y 6= ∅, loops are not considered. A disimplex K(X, Y ) is called a diclique of D if K(X, Y ) is not a proper subdigraph
of any other disimplex of D.
The diclique digraph (or diclique operator)
−→
k (D) of a digraph D is defined by
V (
−→
k (D)) = {K(X, Y ) : K(X, Y ) is a diclique of D} and
A(
−→
k (D)) = {(K(X, Y ), K(X ′, Y ′)) : Y ∩ X ′ 6= ∅} .
Notice that the above notation for the diclique operator is inspired by that of the clique operator of a graph G, k(G).
All these notions were introduced by Prisner in [1] using the terms bisimplex, biclique and biclique digraph. However, the
term biclique has been extensively used in the literature to name a maximal complete bipartite subgraph of a graph. So it is
preferable the use of dicliques and diclique digraphs as Prisner himself expressed in [2,3], even more when we are dealing
with digraphs.
Following the usual terminology of the well-known cliques in graphs (see for example [4]), we say that a digraph D
is self-diclique if
−→
k (D) is isomorphic to D (
−→
k (D) ∼= D). In the study of (di)graph operators, the question on the iterated
operator behavior (convergence, divergence and periodicity) is central. In particular, a digraph D is said to be
−→
k -periodic if
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Fig. 1. Two orientations of the regular octahedron.
−→
k
n
(D) ∼= D for some n ∈ N (by convention−→k 1(D) = −→k (D) and−→k n(D) = −→k (−→k n−1(D)) for n ≥ 2). Evidently, if n = 1 in
the last definition, then D is self-diclique.
Recall that D is strongly connected if for every pair of vertices u, v ∈ V (D) there exists a directed path. In [1], the following
open problem (number 39 on page 207) was suggested:
Problem 1. Are there, besides the directed cycles, more
−→
k -periodic digraphs in the family of all finite strongly connected
digraphs?
The first example of a self-diclique digraph distinct from a directed cyclewas given in [5] by Zelinka in 2002. Let us denote
by O3 the graph of the regular octahedron (defined to be the complement on 3 disjoint isomorphic copies of the complete
graph K2). In Zelinka’s paper, it is proved that an Eulerian orientation of O3 is self-diclique (d+(v) = d−(v) = 2 for every
vertex v ∈ V (−→O 13), where
−→
O
1
3 denotes the Eulerian oriented O3 of Fig. 1(a)). In [3], it was asked for other examples, in
particular, for an infinite family of self-diclique digraphs. In this paper we exhibit such an infinite family for which one of
its members is
−→
O
1
3. This family is a natural generalization of the already mentioned example of [5]. We also pose some
interesting open problems concerning self-diclique digraphs.
2. Self-diclique circulant digraphs
Let Zn be the cyclic group of the residues modulo n and ∅ 6= J ⊆ Zn \ {0}. The circulant digraph −→C n(J) is defined by
V (
−→
C n(J)) = Zn and
A(
−→
C n(J)) = {(i, j) : i, j ∈ Zn and j− i ∈ J}.
With this definition,
−→
C n(1) = −→C n is the directed cycle. Observe that−→C 2m+1(J) is a circulant(or rotational) tournament
if and only if |{i,−i} ∩ J| = 1 for every i ∈ Z2m+1 \ {0}.
We will consider the circulant digraphs of type
−→
C n(1, 2) for every n ≥ 5. Notice that−→C n(1, 2) is a strongly connected
simple digraph (without loops and multiple arcs) for every n ≥ 5 and evidently−→C n(1, 2)  −→C n.
We say that a digraph D is vertex transitive if for every pair of vertices u, v ∈ V (D), there exists an automorphism of D
that maps u to v. In particular, circulant digraphs
−→
C 2m+1(J) are vertex transitive and φ : u→ u+ kmod(2m+ 1) for every
k ∈ Z2m+1 is an automorphism of−→C 2m+1(J).
In [5], it is observed that in the definition of K(X, Y ), the sets X and Y are not necessarily disjoint and therefore, if we
consider X = {a, b} and Y = {b, c}, then A (K(X, Y )) = {(a, b), (a, c), (b, c)} since the digraph has no loops.
Theorem 1.
−→
C n(1, 2) is self-diclique for every n ≥ 5.
Proof. Let us define the sets X0 = {0, 1} and Y0 = {1, 2} of pair of vertices of −→C n(1, 2). Using the definition of −→C n(1, 2),
the disimplex K0 = K(X0, Y0) is a diclique. Since−→C n(1, 2) is vertex transitive, the disimplex Ki = K(Xi, Yi) is also a diclique,
where
Xi = {i, i+ 1} = X0 + i,
Yi = {i+ 1, i+ 2} = Y0 + i,
i = 0, 1, . . . , n − 1 and the addition is taken modulo n. Once more, by the definition of −→C n(1, 2), the setK = {Ki : i =
0, 1, 2, . . . , n− 1} contains every diclique of the circulant digraph. We consider−→k (−→C n(1, 2))whose vertex set isK and
A(
−→
k (
−→
C n(1, 2))) = {(Ki, Ki+1), (Ki, Ki+2) : i = 0, 1, 2, . . . , n− 1}
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(the sum of the subindices is taken modulo n). Define the digraph homomorphism
ϕ : −→C n(1, 2)→−→k (−→C n(1, 2))
by ϕ(i) = Ki for every i = 0, 1, 2, . . . , n− 1. It is straightforward to check that ϕ is a digraph isomorphism. 
Observe that
−→
C 6(1, 2) ∼= −→O
1
3 and therefore we have the following
Corollary 1 (Theorem of [5]).
−→
O
1
3 is self-diclique.
Consider now the Eulerian orientation of O3 showed in Fig. 1(b) and denoted by
−→
O
2
3, in which every face is a directed
triangle. It is easy to check that
−→
O
2
3
∼= −→C 6(2, 5) ∼= −→C 6(1, 4) and−→O
2
3 
−→
C 6(1, 2).
Proposition 1.
−→
k
n
(
−→
O
2
3) =
−→
C 3 for every n ≥ 1.
Proof. The disimplices A = K ({0, 3}, {2, 5}) , B = K ({2, 5}, {1, 4}) and C = K ({1, 4}, {0, 3}) are the dicliques of−→O 23 and
hence
−→
k (
−→
O
2
3) is the the digraph with vertex set {A, B, C} and arc set {(A, B), (B, C), (C, A)}. So
−→
k (
−→
O
2
3) =
−→
C 3. The result
follows since directed cycles are self-diclique. 
As a consequence of the proposition, we have that not every Eulerian orientation of a 4-regular graph is a self-diclique
digraph. The following problems naturally arise:
Problem 2. What is the behavior of the diclique operator for every orientation of O3? Is there any other self-diclique
orientation of O3?
Problem 3. Let G be a 4-regular graph. Are there always self-diclique Eulerian orientations of G? If there exist, characterize
them.
Observe that
−→
C 5(1, 2) is the only regular tournament on 5 vertices up to isomorphism and by Theorem 1, it is self-
diclique.
Problem 4. Characterize the self-diclique circulant digraphs (tournaments).
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